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Shunrong Qian
I’m presenting a new elegant formulation of the theory of fully nonlinear
adiabatic TWM (FNA-TWM) in terms of elliptic function here. Note that the linear
case of SFG and DFG in the undepleted pump approximation described by the FVH
representation has been exploited several years ago. For the sake of completeness, I
present the pseudo-FVH representation to describe OPA. Moreover, I’m trying to
display an overview of TWM processes and show that both the linear cases, the linear
adiabatic SFG(DFG) and the linear OPA, are only the special cases of my theory.
Finally I also point out that the geometric image of the so-called adiabatic basis acts
as the geodesic line of the generalized Bloch sphere.
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I. Introdution
As one type of the simplest nonlinear optical process, three-wave-mixing (TWM)
processes has been studied intensely and widely used in frequency conversion. In the
slow-varying amplitude approximation and plane-wave approximation, the coupling
equation in the continuous plane wave case writes:
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where the coupling coefficient (2)jj eff
jn c
:  Z F ( 1,2,3)j  . Note that if we set
1 2
2=
2
E E E Z , 3 2E E Z , 1 2:  :  :Z  and 3 2:  : Z , SHG can be described by
equation (1).
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where jA ( 1,2,3)j   is the normalized amplitude. Subscribing (2) into  (1)
yields:
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2where s  is the sign of effective nonlinear coefficient, and
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For simplicity, set
2
A j jI  and arg(A ) j jM , 1,2,3 j . then it’s not hard to
obtain the Manley-Rowe relations:
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where jK ( 1,2,3) j  are Manley-Rowe constants.
In the special case when coupling coefficient j:  and phase-mismatch k'  are
both constant, the analytic solution has been presented by J. A. Armstrong et al. in
1962[1]. However, since the phase mismatch acts as a ghost to interfere the frequency
conversion, several different methods were put forward to swept the ghost out, among
which the theory of QPM is the most hopeful and powerful one to provoke
researchers to spatial modulated the coupling coefficient j:  and phase-mismatch
k'  in different ways. An interesting way is the adiabatic method, firstly posted by H.
Suchowski in 2008[2]. Since then, adiabatic method becomes more and more popular
in nonlinear optics[3][4][5]. Moreover, the attempt to remove the undepleted pump
approximation from TWM also hastened the theory of fully nonlinear adiabatic TWM
posted by G. Porat and A. Arie in 2013[6]. Here the author want to present a new
elegant formulation of that theory in terms of elliptic function without the introduction
of Hamiltonian formulation. For completeness, to begin, the author decides to briefly
present the SFG(DFG) and OPA in the undepleted pump approximation, which
namely, in short, linear SFG(DFG) and OPA in this article.
II. The Linear SFG(DFG) and OPA
A. The FVH representation
According the theory of H. Suchowski, the Schrodinger equation of linear SFG
writes:
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Clearly, the Schrodinger equation of linear DFG shares the same form with that
of linear DFG.
Note that \  can be described by Bloch vector { , , }U V WU  G  in the FVH
representation, where
*
iRe(A A )sU  ˈ *iIm(A A )sV  ˈ
2 2
iA A sW    (6)
It’s not hard to see that
GU  indeed falls on the Bloch sphere whose evolution is
described by the well-known Bloch Equation:
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where {Re( ), Im( ), }k:  '
G
N N is the torque vector whose norm is equal to the
instantaneous rotational angular velocity of UG about :
G
, i.e. 2 2 'kN .
Table 1 The eigensystem of Hamiltonian ˆ hH
Eigenvalues  2 21 12 kO N  '   
2 2
1
1
2
kO N ' 
Eigenvectors 1 {sin( ), cos( )} \ T T 2 {cos( ), sin( )} \ T T
Assume that the coupling coefficient N  is real. The eigenvector 2\  shown in
Table 1 is used for the adiabatic basis in the case of linear SFG, where T  is the
mixing angle and tan(2 )
k
   '
NG T ,  while 1\  in the case of the linear DFG.
Clearly, to achieve the full frequency conversion from signal to idle wave, the
mixing angle T  needs to change from 0T   to
2
ST   during the whole TWM
process.
According to quantum adiabatic theorem, the mixing angle T  should satisfy the
adiabaticity condition of linear SFG(DFG) , which writes:
2 2k ' 
<
T N  (8)
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Figure 1  Adiabatic trajectory ( adisI ,
adi
iI ) of SFG and its image in Bloch sphere
B. The Pseudo-FVH representation
In a similar way, the Schrodinger equation of linear OPA writes:
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Note that \  can be described by Bloch vector { , , }U V WU  G  in the FVH
representation, writes:
*
iRe(A A )sU  , *iIm(A A )sV  ,
2 2
iA AsW    (10)
Set 2 2iA AsK   . It’s not hard to see that, U
G
 falls on one sheet of the
biparted hyperboloid when 0K ! , while on the cone when 0K  . We only focus on
the former case, and call that surface pesudo-Bloch sphere.
Note that UG  also has its “Bloch Equation”, writes:
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where {Re( ), Im( ), }k:  '
G
N N , the binary operator   represent a special product of
two three-dimensional vectors, named pseudo-cross product, whose definition is:
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Such a “Bloch Equation”, which can be derived from quantum Liouville equation
using the algebraic properties of three pseudo-Pauli matrices introduced above,
implies that the evolution of UG  is similar to Lorenz rotation in the special theory of
relativity.
Suppose that N  is purely imaginary with the positive imaginary part and
q N . Then focus on the case when k q' ! . According to the theory of S. Ibáñez
et al.[7], to completely describe the non-Hermitian Hamiltonian needs the biorthogonal
eigen-equations:
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where n\
  and n\  are adjoint vectors, which satisfy the following orthonormal
relations: ,m n m n\ \ G 

.
Table 2  The eigensystem of ˆ nhH and
†ˆ
nhH  when k q' !
Eigenvalues  2 21 12 k qO   '   
2 2
2
1
2
K qO   ' 
ˆ
nhH 1 { sinh( ),cosh( )} \ T TÇ 2 {cosh( ), sinh( )} \ T TÇ
Eigenvectors
†ˆ
nhH 1 { sinh( ),cosh( )} 
\ T TÇ 2 {cosh( ), sinh( )} 
\ T TÇ
Note that the eigenvector 2 {cosh( ), sinh( )} \ T TÇ shown in Table 2 is
certainty the adiabatic basis, where tanh(2 )   '
q
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Figure 2 Adiabatic trajectory ( adisI ,
adi
iI ) of DFG and its image in pseudo-Bloch
sphere
Clearly, to achieve the full frequency conversion from signal to idle wave, the
mixing angle T  needs to change from 0T   to  fT  during the whole TWM
process.
According to the non-Hermitian quantum adiabatic theorem, T  should satisfy
the adiabaticity condition of linear SFG(DFG) , which writes[7]:
2 2k ' 
<
T N (14)
Set the linear adiabatic parameter lr  to be
2 2 1lr k '  
<
T N . One can
see that as G  approaches 1, lr  will become much larger than 1, and that’s to say,
the adiabatic trajectory would break down. Of course, a workaround may be
super-adiabatic method[8][9], but there is no need to introduce it here. However, in the
case of fully nonlinear adiabatic OPA, it would become better (see Section III.B).
Hitherto, two types of adiabatic processes have been introduced here, one is
linear adiabatic SFG (DFG), and another is linear adiabatic OPA. In the next section,
the reader may find that the two cases are both the special cases of fully nonlinear
TWM process. One may also see that the geometric representation of the so-called
adiabatic basis acts as the geodesic line of the generalized Bloch sphere.
III. Fully Nonlinear Adiabatic TWM (FNA-TWM) Theory
A. Fully Nonlinear Adiabatic SFG(including SHG) and DFG
Let’s discuss adiabatic SFG first. Note that adiabatic SHG can be viewed as a
special case of adiabatic SFG.
Assume that 1 2 0K Kt ! . According the Manley-Rowe relation (4), one can
7parameterize jA ( 1,2,3)j   by u:
1
1 1A dn( )K u e MÇ ˈ 22 2A cn( )K u e MÇ ˈ 33 2A sn( )K u e MÇ     (15)
where sn( )u , cn( )u , dn( )u  are Jacobi’s elliptic functions sharing common parameter
which writes 2 1/m K K ˈand u  is a function of [ . One should note that the least
common period of the absolute value of elliptic functions introduced above is
2 K( )T m , where K( )m  represents the complete elliptic integral of first kind:
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(3), and then separating the real and imaginary part, yields the coupling equation of
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where ( ) ( )J u J u , 1 2 3  E M M M . Since ( )J u  is also a function with a period
of T , i.e. ( ) ( )J u T J u  , we only need to focus on the following region:
^ `( , ) 0 / 2,R u u T d d  d dE S E S (named the reduced ( , )u E  plane).
Now let’s calculate the stationary points: ( ) ( )( , )s su E , which satisfying the
systems of equations: 0u   
< <
E . One can easily get the roots ( )sE  of the first
equation of (16):
0  E ,   E S (17)
Having obtained the values of ( )sE , ( )su  which says u (u ) corresponding to
E ( E ) respectively, can be obtained from solving the second equation of (16):
( )
1cos( ) ( ) 0
ss K J u'*   E  (18)
For the sake of simplicity, set 1s  . Though the values of u  and u  can only
8be calculated numerically, one should note that according to equation (17) and (18),
Figure 3(a) in fact shows us the adiabatic trajectory discussed below. Through spatial
modulating '*  from a small negative value to a large positive one increasingly, we
can obtain the positive adiabatic trajectory ( , )u E , which actually fits the process
of SFG(SHG), since 3 0
adiI |  as ( ) 0su |  while '*o f , and (0)3 2adiI I|  as
( ) / 2su T|  while '*o f . Clearly, the parameter ( )su  corresponds to mixing
angles in linear case. To achieve the full frequency conversion from signal to idle
wave, “the mixing angle” ( )su  needs to change from 0  to / 2T  during the whole
TWM process.
(a) The graph of function J( )u (b) The adiabatic trajectory ( , )u E
Figure 3
Now try to derive the adiabaticity condition. Firstly, suppose that there is a small
displacement of ( ) ( )0 ( , )
s su3  E , writes
( ) ( )( , ) ( , ) ( , )s su u u3   G G GE E E (19)
In the first order approximation of ( , )uG GE  at the point ( ) ( )( , )s su E , (16)
becomes:
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1
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together with initial condition ( (0), (0)) (0,0)u  G GE .
Following G. Porat and A. Arie, one can obtain that,
   
( ) ( )'
0
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Å ÅÅ
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9where ( )1 J ( )
sK uc:  . Set the nonlinear adiabaticity condition to be 1u G , then
we obtain:
( )su  :[
Å
Å
(22)
For the case when 0m  , the adiabaticity condition of SFG in terms of ( )su
writes:
( )
2
14
su K '* [
Å
Å
 (23)
Recall that in the undepleted pump approximation, the adiabaticity condition
writes in a similar form of (26) (see Section II.A):
2 2/ z k ' T NÅ Å (24)
Note that
1( )
2
( )
s
s
u
u

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Å Å
Å Å
, one can obtain:
3
1K[
:'* Å
Å
(25)
Set the nonlinear adiabaticity parameter to be nlr :
3
1 1nlr K [
 '* : Å
Å
 (26)
The nonlinear adiabaticity parameter nlr  characterizes the magnitude of the diabatic
coupling of two different adiabatic passenges, i.e. ( , )u E  and ( , )u E .
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(a) The evolution of sI  and iI  in SFG     (b) Nonlinear adiabaticity parameter
Figure 4 Adiabatic SFG with 1 2/ 10K K  and 3( 3)'*  [
Now that the general case as [0,1]m  have been shown, let’s observe what on
10
earth happens in the limiting cases i.e. when m  is at one of the end points of the
interval [0,1] .
(1)When 0m  , the pump wave never depletes, and the adiabatic trajectory
( , )u G  writes:
1 1
adiI K ˈ 22 2 cos ( )adiI K u ˈ 23 2 sin ( )adiI K u  (27)
which is the result shown in Section II.A.
(2)When 1m  , as a case that can also describe SHGˈthe adiabatic trajectory
( , )u E  writes:
22 sech ( )adiI K uZ  ˈ 22 tanh ( )adiI K u Z  (28)
where 1 2K K K  .
Figure 5 The adiabatic trajectory ( , )u E of SHG
For the case when ( ) 2su | , on one hand, one can see from Figure 5(a) that, '*
becomes steady at 2 , on the other hand, from Figure 5(b) that ( )su '*Å  Å  becomes
very large. Clearly, once u  is larger than 2, nlr  becomes much larger than 1, and
the adiabaticity condition (26) would be violated, so the adiabatic trajectory may
break down, which is similar to the case of linear adiabatic OPA (see Section II.B).
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(a) The evolution of sI  and iI  in SHG     (b) Nonlinear adiabaticity parameter
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Figure 6 Adiabatic SHG with 4'*  [
For the case of DFG, in a similar way, assume that 2 1 0K Kt ! . According the
Manley-Rowe relation (4), we can parameterize jA ( 1,2,3)j   by u˖
1
1 2A dn( )K u e MÇ ˈ 22 1A cn( )K u e MÇ ˈ 33 1A sn( )K u e MÇ    (29)
where sn( )u , cn( )u , dn( )u  are Jacobi’s elliptic functions whose parameter namely
1 2/m K K ˈand u  is a function of [ . Since the derivation of the adiabatic
trajectory of DFG is completely similar to that shown above, the author chooses to
omit it here.
B. Fully Nonlinear Adiabatic OPA
Following the approach showed above, let’s turn to the theory of adiabatic OPA.
Assume 2 1 0K Kt ! , and parameterize jA ( 1,2,3)j   by u:
1
1 3A sn(  )K u e  MÇÇ ˈ 22 3A cn(  )K u e  MÇÇ ˈ 33 1A dn( )K u e MÇÇ    (30)
where sn( )u , cn( )u , dn( )u  are Jacobi’s elliptic functions sharing common parameter
which writes 3 1/m K K , and u  is a function of [ .
Note that in the general case the least common period of elliptic functions
introduced above is  2 K( ) K ( )T m mc Ç , where K( )m  is defined in Section III.A,
and K ( ) K(1 )m mc   .
Subscribing (30) into (3), yields:
1
1
cos( )
sin( )J( )
u s K
s K u
­  °®
°  '* ¯
<
<

E
E E
  (31)
where J( ) J ( )u u  Ç Ç , 1 2 3  E M M M .
Since J( )u  is a function with a period of T , the only need is to focus on the
region: ^ `( , ) 0 / 2,R u u T d d  d dE S E S (named the reduced ( , )u E  plane).
Then let’s calculate the stationary points: ( ) ( )( , )s su E , which satisfying the
12
systems of equations: 0u   
< <
E . One can easily get the roots ( )sE  from the first
equation of (16):
/ 2  E S , / 2  E S  (32)
Having obtained the value of ( )sE , ( )su  can be obtained from solving the first
equation of (16), says u (u ) corresponding to E ( E ), respectively:
( )
1 sin( )J( ) 0
ss K u'*   E  (33)
For simplicity, set 1s  . Clearly, to achieve the full frequency conversion from
signal to idle wave, “the mixing angle” ( )su  needs to change from ( ) 0su   to
( ) / 2su T  during the whole TWM process.
Following the same approach, set the nonlinear adiabaticity condition of OPA in
terms of ( )su  to be:
( )su  :[
Å
Å
(34)
where ( )1J ( )
sK uc:    . For the case when 0m  , the adiabaticity condition of
SFG in terms of ( )su  writes:
( )
2
14
su K[  '* '* 
Å
Å
 (35)
Recall that the initial intensity of pump light is much larger that the signal, the
adiabaticity condition writes (see Section II.B):
2 2/ ,z k q for k q '  ' !TÅ Å  (36)
Set nonlinear adiabaticity parameter to be nlr :
3
1 1nlr K [
 '* : Å
Å
 (37)
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Figure 7 The adiabatic trajectory ( , )u E of OPA
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(a) The evolution of sI  and iI  in OPA   (b) Nonlinear adiabaticity parameter
Figure 8 Adiabatic OPA with 1 2/ 10K K   and 4( 5)'*   [
Finally, according to G. G. Luther et al[10], , ,1 2 3[A A A ]
T  can be geometrically
described by the generalized Bloch vector { , , }U V W GU , where
*
1 2 3Re(A A A )U  , *1 2 3Im(A A A )V  ,
3 2
1
A
 
 ¦ j j
j
W a  (38)
and ja ( 1,2,3) j  are any numbers satisfying the relation: 1 2 3 0   za a a[ .
Therefore,
GU  falls on the generalized Bloch sphere:
3
2 2 3
1
( )
 
   j
j
U V W W[  (39)
where 1 2 3 3 1 W a K a K , 2 1 3 3 2 W a K a K , 3 1 1 2 2 W a K a K .
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Figure 9 The generalized Bloch sphere of SFG, with
3 2 W I I , (0) (0)1 210I I , (0)3 0I  
Figure 10 The generalized Bloch sphere of OPA, with
1 2 W I I , (0)1 0I  , (0) (0)3 210I I 
Obviously, in the undepleted pump approximation, for the case of linear
adiabatic SFG(DFG), the normalized amplitude of pump wave is (0)1 1A A| . Set
1 0a  , 2 1a   , 3 1a  , generalized Bloch sphere becomes Bloch sphere. And for that
of linear adiabatic OPA, the normalized amplitude of pump wave is (0)3 3A A| . Set
1 1a  , 2 1a  , 3 0a  , and generalized Bloch sphere becomes pseudo-Bloch sphere.
Moreover, one can represent the generalized Bloch vector
GU  in terms of u
and E :
1 2 3 cos( )U I I I E , 1 2 3 sin( )V I I I E ,
3
1
j j
j
W a I
 
 ¦ (40)
where 1I , 2I , and 3I  are functions of u  which have been defined above for
15
different cases. It’s easy to see from (17) and (32) that the adiabatic trajectories
showed above are just the generatrices of the generalized Bloch sphere, or in other
words, the geodesic lines between the bottom and top of the surface.
IV. Summary
In conclusion, I have showed that the two cases, i.e. linear adiabatic SFG(DFG)
and OPA, are clearly the limiting ones of fully nonlinear TWM process and that the
geometric image of the so-called adiabatic basis acts as the shortest paths (geodesic
lines) connecting initial state and target state i.e. the generatrices of the generalized
Bloch sphere.
The author is glad to receive any useful comments on this article from readers.
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